We calculate the next-to-leading order QCD corrections to the perturbative term in the operator product expansion of the spectral functions of light tetraquark currents. By using also configuration space methods we keep the momentum space four-loop calculation to a manageable level. We find that the next-to-leading order corrections to the perturbative term are large and can amount to O(100%). The corrections to the corresponding Borel sum rules, however, are small since the nonperturbative condensate contributions dominate the Borel sum rules.
Introduction
The nonet of light scalar mesons σ(600), κ(800), a 0 (980) and f 0 (980) are prime candidates for the long sought-after light tetraquark states. Their mass ordering m σ < m κ < m a 0 ,f 0 precludes a simple (qq) interpretation [1, 2] . Also, in a (qq) picture, their masses are expected to lie above 1 GeV contrary to experiment [3] . Recent theoretical work has focused on the QCD sum rule analysis of the tetraquark states [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . Chen, Hosaka and Zhu have provided a detailed QCD sum rule analysis of the light tetraquark states [8] . They have included up to dimension eight operators in the operator product expansion. However, in their analysis they have not included the next-to-leading order (NLO) QCD corrections to the leading order (LO) perturbative term. In momentum space (p space) the NLO corrections to the light tetraquark current correlators or spectral functions require the calculation of massless four-loop diagrams which is not simple. However, if one also uses configuration space (x-space) techniques the task becomes simpler. This has been demonstrated in two previous papers where we have calculated the five-loop NLO corrections to pentaquark current correlators using also x-space techniques [17, 18] . The main idea of the x-space calculation is to first calculate two x-space modules corresponding to NLO propagator and dipropagator corrections and then to insert the modules into the full correlator diagram. In this way the calculation of radiative corrections to multiquark correlators amounts to purely algebraic manipulations.
The purpose of this paper is two-fold. First we expound on the calculation of the two O(α s ) modules that go into the modular approach to the calculation of radiative corrections to the current-current correlators of multiquark currents. As a new feature compared to [17, 18] we show, by using a general R ξ gauge, that the sum of the two modules is gauge invariant when sandwiched between colour-neutral states (mesons, baryons, tetraquarks and pentaquarks). Second, we present explicit results on the radiative corrections of light tetraquark current correlators for the two sets of five tetraquark currents (scalar, vector, tensor, axial vector and pseudoscalar, each for flavour symmetric and antisymmetric di-quark configurations) that have been investigated in Refs. [6, 7, 8, 9] . We also present NLO results on all possible nondiagonal correlators.
Depending on the choice of tetraquark currents the radiative corrections to the LO perturbative term can amount up to 132% at q 2 = 1 GeV 2 for the tensor current to be discussed later on. As a further exemplary case we consider the spectral density corresponding to the current correlator of a particular linear combination of the axial and vector tetraquark current η σ 1 considered in Ref. [8] . The mixed current was found to be an optimal interpolating current with a good Borel window for the σ meson tetraquark current [8] . For the corresponding spectral function we list the LO perturbative result and the NLO correction which is calculated in this paper. One has 
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= 1 GeV 2 the NLO corrections can be seen to amount to a 55% upward correction to the LO term at q 2 = 1 GeV 2 . Including also the nonperturbative contributions and using the central values for the masses and condensates from Ref. [8] 
The spectral function is dominated by the dimension-four gluon condensate contribution g 2 GG listed as the first dimension-four term in Eq. (2) . Such a large contribution does not appear to be very natural. We mention that the value of the gluon condensate has not yet been calculated from first principles but is obtained from fits to QCD sum rules. For example, the authors of Refs. [19, 20, 21] found g 2 GG = (0.47 ± 0.47) GeV 4 compared to g 2 GG = (0.48 ± 0.14) GeV 4 given in Ref. [22] and used by Chen et al. in Ref. [8] . This shows that a small or even vanishing contribution of the sum of the dimension four condensates to the spectral function lies within a one standard deviation window of the central value if the results of Refs. [19, 20, 21] are used.
Interpolating currents
For the construction of interpolating currents we refer to the detailed presentation in Ref. [8] . Following these authors we obtain two sets of five currents each for the flavour symmetric and antisymmetric diquark-antidiquark states. For conciseness we specify ourExcept for the LO term the O(α s ) perturbative contributions to the flavour symmetric and antisymmetric correlators are not always simply related. The currents in Eqs. (3) and Eqs. (5) are built from diquark-antidiquark components. One can also construct the tetraquark currents from meson-meson components. However, the meson-meson currents do not lead to new tetraquark configurations since the two representations are related by a Fierz transformation (see [8] and Appendix B).
For an understanding and illustration of the modular approach it is sufficient to discuss a simplified form of the scalar current given by
involving only the first part of the scalar current in Eq. (3). It is not difficult to reinstate the colour symmetrized/antisymmetrized form of the current at the final stages of the calculations.
The correlator
The correlation function 1 is defined as the vacuum expectation value of the time-ordered product of two currents, i.e.
Π(x) = 0|T {J(x)J(0)}|0 .
1 In the following we use the synonym "correlator".
If the current describes a boson (meson or tetraquark), one hasJ(0) = J † (0) while in case of a fermion (baryon or pentaquark), one hasJ (0) = J † (0)γ 0 . The correlator in Eq. (7) is defined in x space. It can be transformed to p space by a Fourier transformation with the result
where, for the moment, we work in D = 4 dimensions. The optical theorem relates the p-space correlator to the spectral density
where the discontinuty Disc f (p) is defined by (see e.g. Ref. [23] )
Vice versa, for a given spectral density, the correlator can be reconstructed by using
For the simplified scalar current in Eq. (6) the tetraquark correlator in x space reads
where we have made use of the x-space propagator given by S(x) (14)). The first trace in Eq. (12) contains two quark propagators with a positive x-space argument while the second trace contains two antiquark propagators corresponding to quark propagators with a with a negative x-space argument. The general rule is that an antiquark propagator carries an extra minus sign. Note that the colour trace in Eq. (12) connects quarks/antiquarks in the two different Dirac traces.
Propagator and dipropagator modules
The result in Eq. (12) reflects a very general property of massless correlators represented by sunrise-type diagrams: In x space they are obtained by a product of single x-space propagators. The corresponding p-space calculation is far more difficult since one would have to perform a genuine three-loop calculation. This observation sets the strategy for the evaluation of the radiative corrections to the tetraquark correlator: Do most of the calculation in x space. In detail, we first calculate the radiative corrections to a single propagator and the dipropagator in p space (see Fig. 2 ). We shall refer to these two corrections as the propagator and dipropagator modules. In the two modules the Dirac and colour indices are left open. We then Fourier transform the two modules to x space. Next we assemble the x-space tetraquark correlator from these two modules augmented by free propagators as shown in in Fig. 2 . The assembly is simple in x space since the free propagators are linked to the modules in product form. One then does the appropriate Dirac and colour contractions according to the specific current being investigated. Finally, we Fourier transform the x-space tetraquark correlator back to p space.
In the following section we first calculate the p-space propagator and the dipropagator corrections using traditional momentum integration methods. The propagator and the dipropagator corrections are then transformed to x space.
The propagator correction
For illustrative reasons we begin by considering the LO massless propagator in p space which takes the familiar form
In order to obtain the corresponding LO x-space propagator we have to take the Fourier transform of the propagator in Eq. (13). Since we are working in dimensional regularization one needs to make use of the D-dimensional Fourier transform (D = 4 − 2ε). The relevant D-dimensional transformation formulae are collected in Appendix C. One obtains
where we have factored out a frequently occurring function S 0 (−x 2 ) defined by
In Feynman gauge and in p space the propagator correction (see Fig. 2 (a)) reads
In Eqs. (13) (14) (15) (16) we have suppressed the colour index dependence δ j i . Let us briefly comment on the gauge dependence of our results. In a general R ξ gauge the gluon propagator reads
The Feynman gauge used in Eq. (16) corresponds to the choice ξ = 1. As shown in Appendix D, the gauge dependence drops out in the sum of the propagator and dipropagator corrections when sandwiched between colour neutral states.
Returning to Eq. (16) we proceed with the Feynman gauge calculation and obtain
It is convenient to define the dimensionless one-loop two-point integrals G(n 1 , n 2 ) through
After setting the tadpole contributions to zero, the integral in Eq. (18) can be expressed in terms of the standard integral G (1, 1) given by
The one-loop integral G(1, 1) is divergent. In Eq. (20) we have introduced the factor
because we want to absorb the Γ factors in Eq. (20) into the definition of the renormalization scale. We shall refer to this scheme as the G scheme. The relation to the (modified) minimal substraction scheme is given by
The corrected NLO p-space propagator finally reads
With the help of Eq. (C7) in Appendix C (with α = 1 + ε) one obtains the corresponding x-space result
We have introduced an x-space scale µ x as a new renormalization scale, defined by
Altogether the O(α s ) x-space propagator reads
As expected, the propagator correction has the spatial structure of the LO term in Eq. (14) . 
The dipropagator correction
In order to familiarize the reader with the calculational procedure and the notation, we start our discussion with the calculation of the uncorrected dipropagator. In p space the uncorrected dipropagator consists of a single loop integral where the two pairs of Dirac and colour indices are left open and uncontracted. The one-loop integral reads (colour indices are suppressed)
Expanding the tensor integral I 0 µν into the two covariants q 2 g µν and q µ q ν , one has
By contracting Eq. (27) with g µν and q µ q ν , calculating the resulting scalar integrals, dropping tadpole contributions and solving for A 0 and B 0 one obtains
where the scalar integral G(1, 1) is listed in Eq. (20) . Altogether one has
We then Fourier transform S 0 2 (q) to x space using the results in Appendix C (Eq. (C9) with α = 2 − D/2 = ε, A = D − 2 = 2(1 − ε) and B = 1). One obtains
where S 0 1 (x) is defined in Eq. (14) . The factorized result in the second line of Eq. (30) is a special case of the general x-space result for a massles n-loop sunrise diagram written down in Refs. [23, 24, 25, 26] .
In order to calculate the NLO dipropagator correction we start again in p space. A symbolic representation of the corresponding two-loop Feynman diagram is shown in Fig. 2(b) . The endpoints of the momentum lines in the initial and final states have not been joined together in order to symbolize the fact that the colour and Dirac indices in the diagram are left open. The two-loop correction to the dipropagator is given by the two-fold integral
where
The integral I µ ′ ν ′ µν (q) can be seen to be symmetric under the simultaneous interchange of µ ↔ ν and µ ′ ↔ ν ′ . It is therefore expedient to split the gamma matrix string γ µ γ α γ ν (and, accordingly, γ µ ′ γ α γ ν ′ ) into its µ ↔ ν and µ ′ ↔ ν ′ symmetric and antisymmetric part,
One then remains with
The symmetric-symmetric contribution in Eq. (34) will be dealt with by making use of the D-dimensional identity
and the corresponding identity for
(µν) (q) leads to a number of second rank twoloop tensor integrals which can be reduced to scalar integrals using standard techniques. In order to minimize calculational mistakes, all necessary manipulations have been done by computer algebra programs. 3 The required set of scalar two-loop integrals needed in this application are defined by [29] −
Their solution has been given in Ref. [29] . The symmetric-symmetric contribution to the dipropagator correction can be represented in the form S S1
and where
Next we turn to the antisymmetric-antisymmetric contribution in Eq. (34) whose structure can be further specified by noting that the integral I
[µν] (q) can thus be expanded into two corresponding tensors built from the metric tensor and the outer momentum q that possess this antisymmetry. One therefore has
Using again standard techniques one obtains the contributions of the antisymmetricantisymmetric part in terms of a set of fourth order tensor integrals which can again be reduced to the two-loop scalar integrals in Eq. (36) . Similar to Eq. (37) the antisymmetric-antisymmetric contribution to the dipropagator correction can be written in the form
and
Adding up the symmetric-symmetric contribution in Eq. (37) and the antisymmetricantisymmetric contribution in Eq. (41) the final result in p space reads 4 We mention in passing that in D = 4 dimensions the antisymmetric Dirac string can be simplified by using the D = 4 identity
one would end up with the contraction ǫ µανβ ǫ µ ′ αν ′ β ′ leading to a sum of products of three metric tensors. In this case one would again have second order tensor integrals as in the symmetric-symmetric case but now multiplying the Dirac structure γ 5 γ β ⊗ γ 5 γ β ′ . However, since we are working within dimensional regularization, we cannot make use of the above identity.
The result is then Fourier transformed to x space using again the results of Appendix C. Together with the LO result one finally has
It is important to realize that the dipropagator module contains terms which do not have the spatial structure of the LO term in Eq. (44).
Renormalization
In as much as the divergence of the propagator can be removed by renormalizing the wave function, one can remove the divergences of the correlator Π by renormalizing the currents J. There is an important difference, though, in as much as the corrected correlator may contain higher order spinor field products that differ from the LO currents. Therefore, we must take into account both multiplicative renormalization and additive counter terms. If J (0) (x) is the LO current and ∆J (1) (x) is the first order correction, the first order correction of the correlator in Eq. (7) is given by
Renormalization factor
The wave function renormalization is calculated by using the propagator correction. The wave function renormalization is always multiplicative since the propagator correction does not change the structure of the current. The renormalization factor is a perturbation series in the corresponding subtraction scheme which consists of pure poles to every order. The renormalization factor for the propagator correction (25) reads
with the condition that Z −1 2 S 1 (x) =: S r 1 (x) is finite. As a result we obtain the renormalization factor
Therefore, we renormalize the singularity of the propagator corrections by multiplying the correlator with Z −n 2 , where n is the number of lines (n = 4 for the tetraquark).
Counter terms
The first order QCD dipropagator correction changes the quark spinor fields q(x). In x space the change due to gluon exchange is given by
where A a µ (x ′ ) is the gluon field. In case of the tetraquark current one has four different species of spinor fields: q(x),q(x), q T (x)C, and Cq T (x). The corresponding changes under gluon exchange for the current at x = 0 (the current at x = 0 is dealt with accordingly) are given by
In the dipropagator correction the gluon fields of two spinor corrections have to be linked to build a gluon propagator. Therefore, one has to calculate
where s 1 and s 2 are the signs of the two propagator arguments. Note that we can perform the integration over x ′ and x ′′ because we are looking for the UV-singular part. In x-space, the UV regime means locality, i.e. one can replace ψ(x ′ ) and ψ(x ′′ ) under the integrations by ψ(x). In addition, we have used a (small) gluon mass m G in order to regularize IR singularities. We have kept only the UV singular terms because in order to calculate the counter term we stay in the same renormalization scheme, i.e. we do not subtract finite terms. Taking these considerations into account, the changes for the different formal products of two spinors read
When applied to the current under question, these changes will constitute the counterterms. Take for instance the simplified scalar current in Eq. (6) and use
One obtains six counterterm contributions to the currents corresponding to the six possibilities in which the quark/antiquark lines in Fig. 1 can be connected. Starting from the top we enumerate the quark/antiquark lines by 1 to 4.
The notation is such that (mn) stands for the diagram where the gluon is exchanged between line m and line n (m, n = 1, . . . , 4). Obviously, new current structures have appeared which are not present at LO. Counter terms for the currents lead to counter terms for the correlators. The whole procedure has been automated using MATHEMATICA.
Results
The procedure to obtain the final results for the spectral density will be explained in detail for the colour and flavour antisymmetric scalar tetraquark current J S 3 in Eq. (3). The current consists of two parts,
Accordingly, for the correlator one obtains four contributions.
Diagonal contributions
The two LO diagonal contributions Π Saa (x) and Π Sbb (x) are given by a product of two factors 4x 2 (S 0 (−x 2 )) 2 from the two Dirac traces and two factors N c from the two (distinct) colour traces, resulting in Π
Sbb (x). The NLO diagonal contribution consists of two parts. Each of the four propagator corrections is given by the product of the same two Dirac trace factors 4x 2 (S 0 (−x 2 )) 2 and two colour factors N c . Including the general factor in Eq. (25),
the propagator correction reads
For the dipropagator corrections to the diagonal contribution one has to keep in mind that gluon insertions are allowed only within the same colour trace. In these two cases (in case of Π Saa (x) for the insertions (13) and (24), cf. Appendix D) the colour factor is given by
. In calculating the Dirac traces one has to distinguish between the three parts in Eq. (46), i.e. the parts x / ⊗ x /, γ µ ⊗ γ µ , and
. Because the gluon insertions connect different Dirac traces, one obtains the result 16x 4 (S 0 (−x 2 )) 4 for the first two parts and 0 for the third one. The dipropagator correction, therefore, reads (
Alltogether one obtains
The diagonal contributions are finite and the counterterms are zero, Π c Saa (x) = Π c Sbb (x) = 0. Therefore, the correlator is given by
and the spectral density reads
Nondiagonal contributions
For the nondiagonal contributions Π Sab (x) and Π Sba (x), there are still the same two distinct Dirac traces but only one single colour trace running through all lines. Because of this, the LO nondiagonal contributions consist of a colour factor −N c and again two Dirac factors 4x
Sba (x). Again, the same factors occur also for the four propagator corrections. Including the general factor from Eq. (25) one obtains
For the dipropagator corrections, each of the six gluon insertions leads to a colour factor (12) and (34) the contributions to the three parts of Eq. (46) are given by −16x 4 , respectively. For the other four insertions we obtain again 16x
4 , and 0. Including the general factor from Eq. (46) the diprogator corrections read
Altogether one obtains
The nondiagonal contributions are singular. Following the considerations in Sec. 3 the corresponding x-space counter terms can be obtained in the same way as the first order propagator and dipropagator corrections in Eqs. (65-66). One keeps only the singular contribution which contributes with the opposite sign to those in Eqs. (65-66). The counter terms, therefore, are given by
The renormalized nondiagonal correlator contributions read
When summing up all four contributions one obtains
The resulting counter term is thus given by
leading to a renormalized correlator of the form
The corresponding spectral density (cf. Appendix E) reads
Results for diagonal and nondiagonal spectral functions
The same procedure works for all currents. Let us first list all ten diagonal spectral functions corresponding to the five flavour antisymmetric and five flavour symmetric currents. One obtains
15(4π) 6 
The LO contributions for the flavour antisymmetric spectral densities are in agreement with the results of Ref. [8] . The LO contributions for the flavour symmetric spectral densities amount to twice the corresponding antisymmetric contributions as can be understood from the colour manipulations described in Appendix D. For example, one has ρ σ S 6 S 6 (LO) = 2ρ σ S 3 S 3 (LO), etc.. When considering spectral functions corresponding to mixed currents as e.g. in Eq. (4) of Sec.1.1 one also needs nondiagonal spectral functions. For the example (4) one needs the nondiagonal spectral functions
Finally, we list all non-vanishing nondiagonal spectral functions, 
Summary and conclusion
We have obtained analytical results for the NLO perturbative contributions to the light tetraquark correlation and spectral functions. The results have been obtained by prudently hopping back and forth between p space and x space making use of the modular approach introduced in [25, 26] in terms of propagator and dipropagator insertions into the correlation functions. We have checked on the gauge invariance of our results. At the same time we have also checked on the gauge invariance of previous results on the textbook case of zero mass meson correlators [30, 31, 32] , on baryon correlators [33, 34] and on pentaquark correlators [17, 18] .
We have found that the NLO perturbative corrections to the correlators are large. However, since the current correlators are dominated by the nonperturbative contributions, the NLO corrections have little impact on the analysis of the corresponding sum rules. In particular, referring to Appendix F, we find that the NLO corrections to the perturbative term affect the results of the sum rule analysis for the ground state energy by +0.065% which is within the error of the Borel sum rule analysis by Chen et al. [8] . However, as pointed out in Sec. 1, the error on the condensate contributions used in Ref. [8] may have been vastly underestimated. A different possibility to harness the large condensate contributions of Ref. [8] would be to analyze the spectral functions in terms of contour improved finite energy sum rules [37, 38, 39] in which the large condensate contributions are tamed through resummation.
In calculating the NLO contributions to the pentaquark correlators we have set the light quark masses to zero. We do not expect quark mass effects as e.g. the strange current quark mass to be important for the NLO corrections at the scale of the light scalar mesons. This may be different in the sum rule analysis of heavy tetraquark states where the nonperturbative contributions can be expected to be smaller. We hope to return to the problem of calculating the perturbative corrections to heavy tetraquark current correlators in the future, using again a modular approach.
A possible further project would be to calculate the radiative corrections to the LO dibaryon ("exiquark") correlator discussed in Ref. [40] . 
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A The scalarity of the diquark current
In Tab. 1 we list the five bilinear quark-quark currents that are being used to construct the tetraquark currents. C is the charge conjugation matrix given by C = iγ 2 γ 0 , and the index T stands for transposition. Because we are dealing with diquarks (or antidiquarks), the labelling of the currents in terms of their parity properties differs from the familiar labelling of bilinear quark-antiquark fields. In the following we show that the diquark current
is a scalar current. This can be demonstrated similar to the textbook example of proving the scalarity of the quark-antiquark current q(x)q(x). Using the Lorentz transformation property 
Next we expand U(Λ) = 1l + i 4
where ǫ αβ is the two-dimensional Levi-Civita symbol and where h αβ is an antisymmetric infinitesimal quantity. Let us briefly return to the textbook example of the quark-antiquark current. Using the properties
and, therefore,q
showing thatq(x)q(x) transforms as a scalar. In case of the diquark current in Eq. (A1) we define A = Cγ 5 = iγ 3 γ 1 . Contrary to the charge conjugation matrix C = iγ 2 γ 0 where CC = −1l, Cγ µT C = γ µ and Cσ µνT C = σ µν , one obtains AA = 1l, Aγ µT A = γ µ and Aσ µνT A = −σ µν . Therefore, for the matrix U one obtains AU T A = U −1 , and one can conclude that
showing that q T Cγ 5 q transforms as a scalar. One could have anticipated this result by intuitive reasoning from the fact that two quark fields have a relative positive parity while a quark and antiquark field have relative negative quality.
B Fierz Transformations
We shall present the generalized Fierz transformation [35] in terms of the Takahashi bracket notation [36] which reads
The summation runs over the indices C and D. The bracket notation is best explained by writing out the corresponding Dirac indices,
Let us introduce a set of five Dirac strings
The dual base to this set has the elements Γ A where Tr(Γ A Γ B ) = 4δ B A .
5 We obtain (note the different order in the axial term and the factor 1/2 for the tensor part) Γ A ∈ {1l, γ µ ,
Next we define a set of five contracted outer products of the Dirac strings in Eq. (B3),
and their Fierz-reordered counterparts
The two sets are related by the Fierz transformation matrix. The elements of the matrix can be calculated with the help of Eq. (B1). This will be illustrated for the last row of the Fierz transformation matrix whose coefficients can be calculated from the trace
. Only the diagonal terms contribute to the trace. One obtains
which implies
The other elements of the Fierz crossing matrix can be calculated accordingly. The transformation between these two sets is given by the Fierz matrix which reads
5 In case of multi-indices A and B as for instance for Γ A = σ µν , Γ B = σ ρσ one has to use the convention δ Using the Fierz matrix Eq. (B9) we can determine the relation between the diquarkantidiquark interpolating currents
) and the meson-meson type interpolating currents
Note the relabelling in going from the sets of Dirac strings (S, V, T, A, P ) and (S,Ṽ ,T ,Ã,P ) to the sets of current products (S, V, T , A, P) and (S,Ṽ,T ,Ã,P). By making use of the properties CC = −1l,
T and Cσ µν C = σ µνT one obtains e.g. for the first row of the transformation matrix
A similar exercise allows one to calculate the remaining coefficients. The above two sets of interpolating currents are thus related by
Note that the Fermion fields are commuted four times in this transformation such that the overall sign resulting from the Fermi statistics is positive.
C Fourier transform in dimensional regularization
In order to calculate the D-dimensional integral of a Lorentz scalar, we need to know, among others, the (D−1)-dimensional angular integral of a Lorentz scalar. In the Euclidean domain one has (κ = (
and Γ(x) is Euler's gamma function. Using Euler's beta function
and the definite integrals
With k 0 = ik 0 and x 0 = ix 0 one gets back to the Minkowskian domain where
By applying the partial derivatives
and, finally,
D Gauge independence
In this Appendix we present results on the propagator and dipropagator corrections calculated in the R ξ gauge where the gluon propagator reads
The momentum dependent piece proportional to (1 − ξ)k α k β /k 2 will be referred to as the scalar part of the gluon propagator. We shall show that the scalar contribution vanishes in the sum of the propagator and dipropagator insertions into the correlators of colour neutral currents (mesons, baryons and tetraquarks). We believe that the gauge independence of the radiative corrections to the correlators have never been demonstrated before. The gauge independence can be shown without specifying the Dirac structure of the currents. Our results on the tetraquark correlators are thus gauge independent for any of the currents discussed in the main text. The gauge independence of the NLO correlators also serves as a strong check on our calculation.
The calculation of the scalar contribution to the one-loop propagator correction does not provide any new difficulties compared to the metric contribution. For the dipropagator correction the scalar part of the gluon propagator superficially increases the rank of the tensor two-loop integrals to six. However, by a prudent cancellation of numerator and denominator factors one can reduce the rank to two as in the contribution of the metric piece. As a check on our two-loop calculation we did an alternative calculation involving sixth rank tensor integrals which we solved using the Passarino-Veltman method. We found agreement. We mention that all necessary calculations have been checked by computer.
We shall demonstrate gauge invariance of the NLO radiative corrections for meson, baryon and tetraquark correlators. In the general R ξ gauge, the propagator correction
while the dipropagator correction is given by
We have written the results in a form where the contribution of the scalar piece of the gluon propagator proportional to (1 − ξ) can be clearly identified. In the Landau (or unitary) gauge ξ = 1 one has the familiar result that the propagator correction vanishes. Note the essential fact that both gauge dependencies occur as pure singularities in the contributions x µ γ µ (propagator) and x µ γ µ ⊗ x ν γ ν (dipropagator) and that the gauge dependence of the dipropagator correction amounts to twice the gauge dependence of the propagator correction. Note also that both gauge dependent corrections to the propagator and the dipropagator are UV singular.
In the following we concentrate on the gauge dependent scalar contribution proportional to (1 − ξ). Using the notation x / = x µ γ µ one has
It is important to realize that both gauge dependent corrections have the spatial structure of the respective LO term. Note also that both corrections are UV singular. We start our discussion with the meson case. The demonstration of gauge invariance is made simple in x space. The gauge dependent part of the NLO propagator correction to a meson correlator augmented by the free propagator reads ∆S
Note that there is an extra minus sign from the antiquark propagator. Also one needs the colour factor δ j i δ i j = N c . The factor of two results from the fact that the propagator correction can be inserted into the quark or antiquark line.
For the dipropagator correction one requires the colour factor
There is no extra minus sign since there are two antiquark lines, one each on either side of the quark-gluon vertex. One obtains
Obviously, the two contributions cancel in the sum, ∆S ξ M 1 (x) + ∆S ξ M 2 (x) = 0. For the baryon correlator the gauge dependent part of the propagator correction reads
The factor ǫ ijk ǫ ijk = N c ! results from the colour contraction while the factor three has to be included because of the three quark lines into which the propagator correction can be inserted. For the dipropagator insertion one needs the colour factor
where C B = (N c +1)/(2N c ) = C F /2. Again there are three possible dipropagator insertions resulting in a further factor of three. One obtains
The two contributions can be seen to cancel, i.e. ∆S Finally, we demonstrate the gauge parameter cancellation for the tetraquark correlator. We label the two quark and antiquark lines of the in-state by the colour indices (i, j) and (k, l). We associate the indices (i, j, k, l) with the (first, second, third, fourth) line of the tetraquark state (see Fig. 1(a) ) starting at the top. The corresponding labelling in the out-state is (i ′ , j ′ ) and (k ′ , l ′ ) with the same sequence in the numerical labelling. In the meson-type construction the colour-singlet tetraquark states are given by δ i k δ j l for the instate and δ
j ′ for the out-state. However, as discussed in Sec. 1.1 we need to separate out the antisymmetric3 ⊕ 3 and symmetric 6 ⊕6 colour components of the currents. This is achieved by writing
for the in-state and, correspondingly,
for the out-state. The propagator correction can be inserted into the correlator in four ways leading to a factor of four. We thus obtain
Since we are considering also nondiagonal (3 → 6) and (6 → 3) transitions in the main text, we list the corresponding colour factors also for the nondiagonal cases even if they are trivially zero for the propagator correction. This is no longer the case for the dipropagator corrections to be discussed next.
The dipropagator correction can be inserted into the correlator in six different ways. We shall label these six different possibilities by the lines that are being connected by the gluon propagator as described in Sec. 3. For example, the labelling (13) refers to gluon exchange between the top and third line (from the top) as depicted in Fig. 1c . In general one has
where the factor C T 2 specifies the colour factor of a given gluon connection including the factor (−1) nq resulting from the presence of nq antiquark lines in that particular transition.
by
where λ = 1 −ε and J λ (x) is the first order Bessel function. The arguments x and p are not four-vectors, but (in the Euclidean domain) the lengths of the vectors, i.e. x = (x µ x µ )
1/2 and p = (p µ p µ ) 1/2 . If the correlator is a given by a simple power, Π(x) = (−x 2 ) −α , the integral can be calculated to be
The spectral density is the discontinuity divided by 2πi, where the cut of the correlator lies on the positive real axis. One obtains
For tetraquarks the x-space correlator has the generic form
where A includes both the LO term and the counterterm while B includes only the NLO term. Keeping in mind that S 0 (−x 2 ) = iΓ(2 − ε)/2(−πx 2 ) 2−ε , one can apply Eq. (E3) to obtain ρ f (x) = π 
where we have used 4µ 
Because the spectral function ρ f (s) is nonsingular, we have set ε = 0 (i.e. D = 4) in the second line of Eq. (E9).
F QCD sum rule analysis
In this Appendix we provide a brief review of the sum rule method using the Borel transformation. The starting expression for the analysis is the sum rule
where E X is the ground state energy and F 2 X is the residue of the pole at p 2 = E 2 X . The beginning of the continuous spectrum is denoted by E c . The convergence of the sum rule can be improved by performing a Borel transformation on both sides of Eq. (F1), leading to 
where E B is the Borel energy. For the sum rule analysis one has to search for an energy window in which the dependence on the artificial Borel parameter E B is small. One expands the spectral density as power series in s and replaces the powers (s/E
If there are logarithmic contributions, one has to replace ln(s/E
is Euler's constant and where Ei(x C ) is an exponential integral given by
Ei(x C ) = 
one obtains 
For the derivative one obtains 
The analysis is performed with the same parameters for the Borel window as in Ref. [8] .
The addition of radiative corrections changes the result of the sum rule analysis for the ground state energy by +0.065% which is within the error of the sum rule analysis.
